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Introduction
The time evolution of damped quantum systems may be described by means of master equations that incorporate the loss effects through specific damping terms. In particular, master equations have been used frequently for the description of quantum optical systems in lossy cavities. The loss mechanism plays an essential role in analyzing the behavior of these systems, since the radiation escaping the cavity (for instance through a partly transparent mirror) carries the information.
For nearly-perfect cavities, with mirrors of vanishingly small transmittivity, the loss effects lead to damping terms of which the form is well understood [1, 2] . If the mirror transmittivity becomes finite, the damping terms get a more complicated structure, owing to the interplay of the loss mechanism and the intracavity interaction. The "generalized" master equation that arises by accounting for these enhanced losses has been established recently [3] . In applying this equation to the time evolution of a decaying atom in a cavity we have found that the effects of increased losses can be quite substantial [4] . These findings are in agreement with the predictions that follow from the solution of delay differential equations for the probability amplitudes [5] . It may be remarked here that the effects of enhanced losses in cavities with a thin-slab geometry and with infinite mirrors, as treated in [6] , are rather different from those discussed in [4, 5] . In fact, in the slab configuraa e-mail: suttorp@phys.uva.nl tion the atom-field system is always in the weak-coupling regime, so that Fermi's golden rule can be used.
The master equation discussed in [1, 2] is valid provided that the losses occur by radiation into a pure vacuum, or, in other words, that the system is coupled to a vacuum "bath". The same configuration has been assumed in deriving the generalized master equation in [3] . Quite different loss effects can be expected if the bath is in a different state, for instance in a squeezed vacuum. This has been demonstrated some time ago [7] , by deriving the master equation for a system in a nearly-perfect cavity coupled to a squeezed vacuum.
As in the case of a pure vacuum bath, one may ask how the damping terms for a system coupled to a squeezed bath are modified, if enhanced losses are taken into account. It is the purpose of the present paper to answer this question and to establish a generalized master equation for a system in a nonideal cavity with a squeezed bath. To arrive at our goal we will start from a quantum Langevin equation and analyze the statistical properties of the associated stochastic force.
To show the influence of the increased losses in a specific example we will discuss a localized degenerate parametric oscillator coupled to a squeezed vacuum bath. In this model the medium is confined to a thin slab in the cavity. For the limiting case of a nearly-ideal cavity the properties of a degenerate parametric oscillator in a squeezed bath have been investigated some time ago [8] . Applying the generalized squeezed-bath master equation, we will determine the change in the photon statistics brought about by an enhanced loss mechanism.
Generalized master equation
We consider a one-dimensional cavity with two mirrors at a distance l. The cavity is assumed to be one-sided, that is, one of the mirrors is perfectly reflecting, whereas the other is semitransparent, with (amplitude) reflectivity r. By putting an additional perfectly reflecting mirror outside the cavity, at a distance L of the semitransparent mirror, a closed "universe" is obtained. The distance L is taken to be much bigger than l and will be sent to ∞ at a later stage.
The electromagnetic field in the universe may be quantized in the usual way, by introduction of a basis of socalled "universe modes". The (positive-frequency part of the) electric field operator inside the cavity then gets the form [2, 9] 
Here ζ is the (dimensionless) position inside the cavity; it is 0 at the ideal mirror and 1 at the semitransparent mirror. The sum is extended over all universe modes with (dimensionless) frequencies ω k , which are equidistant with a separation 2πl/L in units of the inverse cavity roundtrip time c/(2l). Furthermore, the a k denote the annihilation operators associated to each of the universe modes. Finally, the mode amplitudes M k are defined by
with the width
The mode functions depend on the frequency through ∆ω k . It is the difference of ω k and a resonance frequency ω 0 , which for a purely dielectric mirror satisfies the relation tan(ω 0 /2) = |t|/(1 + |r|). In defining E we have suppressed trivial prefactors that depend on , c,o rt h a t v ary slowly with the frequency. As is clear from the general form of the mode functions, the universe modes can be grouped in "quasimodes" by choosing consecutive central frequencies ω 0 and confining the frequency differences |∆ω k | to values smaller than π. In the following we shall concentrate on the dynamical behavior of a single quasimode. To indicate this we write a prime at the symbol for the summation over the universe modes. The weighted sum over the annihilation operators occurring in (1) can be used to define a quasimode annihilation operator b(ζ), by writing
The normalization factor N (ζ) is determined by
so that b(ζ) and its hermitian conjugate satisfy the standard commutation relation. The above description in terms of quasimodes is particularly useful to study systems in cavities with matter concentrated in such a way that effectively the interaction with the electric field is confined to a single position ζ. For such systems the Hamiltonian H for the interaction between matter and field depends only on the quasimode annihilation operator b(ζ) and the corresponding creation operator b † (ζ), at least in the single-quasimode approximation.
To investigate the dynamical behavior of systems that are governed by a single quasimode a reduced formulation in terms of a master equation for the density operator may be employed. In fact, from the master equation the time evolution of the expectation value of any operator depending on b(ζ)andb † (ζ)can be obtained in a straightforward way. In establishing the master equation one has to specify the properties of the "bath", of which the degrees of freedom are associated to (linear combinations of the) universe modes that are independent of the quasimodes. Often either a vacuum bath or a thermal bath at some finite temperature is considered [1, 2] . More recently squeezed baths have been investigated [7] .
For one-sided cavities with a semitransparent mirror of a vanishingly small transmittivity, a master equation can be derived easily. If the transmittivity of the semitransparent mirror is small but finite, the master equation gets a more complicated structure. For a vacuum bath its form has been derived recently [3] :
with τ the time in units of the round-trip time. Here ρ(τ ) is the system density operator. The damping terms are determined by the superoperator L and its conjugate. This operator is the sum of a standard damping operator L s defined by
and a correction term L c which is a result of the interplay of the Hamiltonian evolution and the damping effects. In leading order in the mirror transmittivity it is given by
The function v(ζ)=v (ζ)+iv (ζ) is defined by
with ψ(x) the digamma function. The factor between the (outer) square brackets in (9) can be shown to be positive. In the following we wish to generalize the above generalized master equation still further by incorporating the effects of a possible squeezing of the bath. Furthermore, we want to analyze in more detail the transient behavior for small values of τ that has been treated somewhat cavalierly in our earlier papers. As we shall see, these transient effects manifest themselves in a time dependence of Γ for small values of τ .
As a preliminary, we shall review briefly the main points of our earlier derivation [3] of the generalized master equation. One starts from the Heisenberg equation for the time-dependent quasimode annihilation operator
with the coefficients
Suppressing the trivial time dependence associated with the central mode frequency ω 0 one finds an equation of Langevin-type:
with the kernel function
and its logarithmic derivative
Clearly, F (ζ,τ) is equal to 1 for τ = 0. The stochastic force in the Langevin equation is
As has been shown in [3] , the kernel function is proportional to exp(−Γτ)forτ 1. In other words, its logarithmic derivative reduces then to Γ . Hence, the combination Γ − Γ (ζ,τ) occurring in (13) is of short range, so that the integral may be replaced by its Markovian approximation. Likewise, it follows that the commutator [f (ζ,τ),b
† (ζ, 0)] is of short range. In fact, one derives
so that the stochastic force operator is associated with degrees of freedom that are independent of the system variables at τ = 0, if transient effects are neglected. In [3, 4] we assumed that these bath variables are in a vacuum state, so that we could write f (ζ,τ)ρ tot (0) = 0, with ρ tot (0) the density operator at τ = 0 for the total system (including the bath).
Generalized master equation with a squeezed bath
To show how the form of the generalized master equation changes upon modifying the statistical properties of the bath, we start by redefining the stochastic force. As we have seen above, this force is independent of the system variables, if transient effect are neglected. We want to introduce now instead of f (ζ, τ) a modified stochastic forcē f (ζ,τ), which strictly commutes with b † (ζ, 0) for all τ.A w a yt oa c h ieve this is by defininḡ
. (18) Indeed, from the second form given here one easily proves the commutation relation
for all τ . By employing the formal solution of the Heisenberg equations for a k (τ ) one arrives at an alternative form for the modified stochastic force:
Insertion in (13) yields
This form of the Langevin equation is to be preferred to the earlier one, as the stochastic forcef (ζ,τ) occurring here is completely independent of the system degrees of freedom associated with b(ζ, 0) and b † (ζ, 0). The integral contribution in the Langevin equation (21) contains a kernel that is proportional to the difference of Γ (ζ,τ −τ )andΓ(ζ, τ). Both these functions tend to Γ as their argument increases, so that their difference is of short range in τ −τ . Hence, it is a reasonable approximation to replace the integral by its Markovian form, as before, and to write the Langevin equation in the form
Here we introduced the function
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Having rewritten the Langevin equation in such a form that the stochastic force depends exclusively on the bath degrees of freedom, we can turn to a derivation of the master equation for a squeezed bath. From now on we assume that the total density operator at τ =0i sg i v e n b yas tate with wideband squeezing, as defined in [10] :
Here the wideband squeeze operator is
withk defined by ∆ω k = −∆ωk. For a wideband squeezed state it is no longer true that f (ζ,τ)ρ tot (0) = 0, since one has
One might think that a suitable linear combination of f (ζ,τ) and its hermitian conjugate can be constructed that gives 0 when acting from the left on the wideband squeezed density operator. However, according to (18) the stochastic force is built up from the annihilation operators a k (0) with coefficients that are asymmetric under the interchange of k andk. Hence, no such linear combination of f (ζ,τ) and its hermitian conjugate can be found. In order to proceed we introduce the symmetric and antisymmetric parts of the coefficients φ k (ζ):
Correspondingly, we define the "even" and "odd" parts of the stochastic force by writinḡ
with
In terms of these two parts of the stochastic force and their hermitian conjugates one may construct suitable linear combinations that yield 0 when acting on the density operator. In fact, one proves
As shown in Appendix A, the properties of the two parts of the stochastic force can be employed to derive a differential equation that governs the time evolution of the expectation value of an arbitrary operator built from the system operators b(ζ,τ)andb † (ζ,τ). From that result one derives the following master equation
All explicit dependence on ζ has been suppressed here.
The first term at the right-hand side contains a linear combination of two squeezed damping terms, with superoperators L w for w = z and w = −z. These are defined as
The linear combination of these superoperators is determined by the (real and positive) parameter
with the functions F (±) defined by
so that one has F (+) + F (−) = F according to (14) and (27). Finally, the master equation contains two (complex) coefficient functions that are integrals over F (ζ, τ), F (±) (ζ,τ) and their derivatives. One of them is χ(ζ, τ), which has been defined already in (23) , while the other is:
For small Γ simple approximations for the functions F (±) (ζ,τ) can be found along the lines of [3] . For τ =0 o n efinds
with the functions v (ζ)a n dv (ζ) as defined in (9)- (10) . Hence, the parameter µ becomes for small Γ :
From (9) it is clear that the right-hand side is positive for all ζ and ω 0 ζ.F o rτ 1b oth functions F (±) (ζ,τ) are proportional to exp(−Γτ), with different prefactors:
Correspondingly, for τ 1 the following approximate time-independent expressions are found for the coefficient functions in (31):
Clearly, the coefficients satisfy the relation ξ−Re(χ)=2µ. Substituting these approximate expressions in (31) one ends up with a simplified version of the master equation that is valid only for τ 1:
where (32) has been used. It should be noted that terms with Γµ have been retained here. They are of the same order of magnitude as the terms proportional to χ and ξ, at least if the (dimensionless) coupling constant in H becomes of the order of Γ . This will indeed be the case in the application of the master equation that we will consider later on in this paper. If the bath is not squeezed, the master equation (31) reduces to a simpler form:
From this equation one recovers the master equation derived previously [3] , at least for τ 1. Indeed, substituting (39-41) in (43), or, alternatively, putting z = 0 in (42), one arrives at (6) with (7)- (8) .
The master equation (31) and its approximate form (42) are the main results of this section. They determine the time evolution of the density operator for the quasimodes in the presence of a squeezed bath. Comparing the new equations with the "standard" master equation that is valid for a system in a nearly-perfect cavity one finds several additional terms, which account for the enhanced losses, namely the terms proportional to µ, χ and ξ. The terms proportional to µ lead to a modification of the "pure" losses, i.e. the losses that are independent of any interaction within the cavity. As can be seen from (42), the loss terms that are typical for a squeezed bath (i.e. the terms containing either two creation or two annihilation operators) are multiplied by a factor 1 − 2µ.I n contrast, the remaining "pure" damping terms, with a single creation and annihilation operator, are left invariant. A detailed discussion of these changes in the "pure" loss mechanism will be given in the next section.
The other two parameters, χ and ξ measure the strength of terms in the master equation that are of a different type. A similar term is present also in the generalized master equation (43) for a system in a nonsqueezed bath. All these terms describe the interplay of the two causes of the time evolution: the coherent interaction within the cavity and the photon losses through the mirror. If the mirror transmittivity is small, these two causes contribute additively. Under those circumstances the photons stay within the cavity for many round-trip times, so that the coherent interaction is felt more or less as in a completely closed cavity. However, if the transmittivity increases, the losses start to perturb the coherent interaction, since the photons do not stay long enough in the cavity anymore. As a consequence, the interaction effects can no longer be described by a simple commutator term, as in the left-hand sides of (42) and (43). The precise way in which the losses and the interaction get mixed up is found to depend on the amount of squeezing: for a nonsqueezed bath it is governed by the parameter χ, whereas in a squeezed environment it is determined by ξ as well.
In the absence of an intracavity interaction the master equation (31) (or its simplified form (42)) can easily be written in the general form given by Lindblad [11] . This is no longer possible when interactions are taken into account. This need not come as a surprise, since in deriving the master equation we had to replace the integral in the Langevin equation (21), which depends on the interaction Hamiltonian, by its Markovian form. As argued in the paragraph above (22) , this is a reasonable approximation in view of the time dependence of the relevant integral kernels, but the procedure is not exact. Hence, the Markovian form of the Langevin equation, and of the resulting master equation, can only be approximately valid for interacting systems with enhanced losses. A strictly rigorous theory for an interacting cavity system with enhanced dissipation is expected to be non-Markovian. Nevertheless, a Markovian master equation can yield quite precise predictions for the time evolution of an interacting system even if the damping is considerable, as we have shown in a previous paper [4] . 
Empty cavity with a squeezed bath
The generalized squeezed-bath master equation that we have derived above incorporates the effects of a finite transmittivity of one of the cavity mirrors. The consequences of these effects on the statistics of the quasimode excitations turn out to be nontrivial already in the simplest case, namely that of an empty cavity, as we will show in the following.
For an empty cavity, with H = 0, the generalized master equation (42) reduces to
where we have used the same notation as in (31). At the right-hand side a linear combination of two superoperators L z appears, with squeezing parameters z and −z.T h e m i xing of these damping operators is determined by the parameter µ defined in (33), so that it is a consequence of the mirror nonideality. Indeed, for the standard master equation [7] one has µ = 0, sot h a tn om i x i n go c c u r si n that case. The master equation (44) is valid for large τ .Infact,it describes the evolution of the density matrix in a regime that is established after transient effects have damped out. In the following the dimensionless time τ will be counted from the inception of that regime, so that (44) is valid for all τ ≥ 0.
The general time-dependent solution of a master equation of the form (44) has been studied before [12, 13] by means of phase space methods. Here we will use a different method in order to elucidate the particular role of the mirror nonideality. We consider the expectation value of a product Ω p,q ≡ b †p b q of creation and annihilation operators, with nonnegative integers p, q. The master equation (44) leads to the set of coupled differential equations
from which Ω p,q (τ ) can be determined successively for increasing values of p + q.
To get more insight in the solutions of (45) we consider the expectation value of a productΩ p,q ≡b †pbq of a different annihilation operatorb and its corresponding creation operator. This operator is formally defined as
The operators c and d are annihilation operators of independent (bath) degrees of freedom, so that one has
Onem a yc h e c kt h atb( τ)an di t sh ermitian conjugate satisfy the standard commutation relations.
To define the expectation value ofΩ p,q we have to specify the statistics of the bath degrees of freedom. We assume that the state of the degree of freedom corresponding to c is a squeezed vacuum with parameter z, while that corresponding to d is determined by a parameter −z.O f course, the density operator of the degree of freedom of b(0) is given by the initial condition of the master equation (44). The expectation value specified in this way will be denoted by ... .
Since the time dependence ofb(τ ) is known completely, we can evaluate the time derivative of the expectation value ofΩ p,q . The result is
Since the state associated to c is a squeezed vacuum, we may write
Bringing both c and c † to the left ofΩ p,q (τ )b yu s i n g t h ec ommutation relations, and employing once again the squeezing properties of the c-state, we arrive at the relation
Similar relations can be found for products involving d, c † ,a n dd † .E mploying these relations to evaluate (47) we arrive at a set of differential equations which have the same form as (45). Since for τ = 0 one has the trivial identity Ω p,q (0) = Ω p,q (0) it follows that the solutions of the differential equations are the same for all τ ≥ 0:
The identity (50) shows the way in which the expectation value of an arbitrary product Ω p,q of quasimode creation and annihilation operators changes in time. In fact, by substituting (46) at the right-hand side one sees that as time elapses the expectation value is gradually more dominated by the statistics of the bath degrees of freedom, whereas the initial condition of the quasimode tends to be forgotten. In the following we will concentrate on the statistics for infinite τ . For τ →∞as imple result for the expectation value emerges:
Hence, the statistics of the quasimode in a nonideal cavity for infinite τ is the same as that resulting from the mixing of two squeezed vacua, with opposite squeezing parameters. Such a mixing may be accomplished by a semitransparent mirror. In fact, if such a mirror with an (amplitude) reflection coefficient (1 − µ) 1/2 and a transmission coefficient −iµ 1/2 is irradiated from both sides by photons in a squeezed vacuum mode with identical frequency and squeezing parameter, the statistics of the outgoing photons is the same as that of the quasimode discussed here. The statistics of squeezed light impinging on a semitransparent mirror has been analyzed before with the use of generation functions [14] . From that analysis one derives the following distribution p n of the quasimode excitations for infinite τ :
where the Legendre polynomials and their prefactors at the right-hand side depend on ρ ≡ 1 − 2µ and σ ≡ tanh(|z|). This result may also be derived from the solution presented in [13] . The distribution gets a simple form for a nearly-perfect cavity with µ 1. In that case one finds
for even n,a n dp n =0f o ro d dn .A sh as been discussed before in the context of squeezed light irradiating a semitransparent mirror [14] , the sharp distinction between even and odd n is washed out as soon as the mirror ceases to be perfect, that is, as soon as µ differs from 0. In fact, the statistics is quite sensitive to any nonideality of the mirror: already for an (intensity) reflectivity of 0.975, corresponding to µ =0.025, the distinction between even and odd n, which is characteristic of a squeezed vacuum, has disappeared almost completely. The phenomenon that we encounter here, namely that dissipation tends to wash out nonclassical features in the photon statistics of squeezed states, has been discussed before [15] [16] [17] . A similar effect has been found to occur in photon counting with less than perfect efficiency [15, 16, 18, 19] . As has been shown in [20] , imperfect counting can be incorporated in the theory by convolution of the photon distribution with a binomial distribution. If that procedure is applied to (53), one indeed ends up with a distribution of the form (52), albeit with a different value of σ.
The result (53) would have been obtained directly by starting from the standard master equation for a damped empty cavity in a squeezed bath. As we have seen, it loses its validity for a cavity of which one of the mirrors is less than perfect. Stated otherwise, application of the standard master equation to a nonideal cavity with a squeezed bath may easily lead to wrong results, at least for the empty cavity case. A different and less trivial example will be discussed in the following section.
5 Degenerate parametric oscillator with localized interaction in a squeezed bath
In a degenerate parametric oscillator the presence of a nonlinear medium within the cavity leads to a coupling of a pump mode with a field mode at half frequency. If the pump mode is treated classically, the effective Hamiltonian is proportional to the squared amplitude of the field mode at the position of the nonlinear medium.
Some time ago [8] the effects of a squeezed bath on the statistical properties of a degenerate parametric oscillator have been studied in some detail. In that paper the authors consider a cavity with nearly-perfect mirrors, for which a master equation with standard damping terms [7] is adequate. It was found that the intracavity photon statistics in the stationary regime displays a growing even-odd disparity, as the squeezing parameter of the bath increases.
The generalized master equation described above is a suitable tool to investigate whether the results obtained in [8] for an oscillator in a squeezed bath are robust when the cavity ceases to be ideal. In a recent set of papers [21] the degenerate parametric oscillator in a nonideal cavity has been studied by means of the equations of motion for right-and left-travelling waves. However, the effects of a squeezed bath, which is the main focus of interest of the present paper, were not considered in these articles.
To be able to apply our master equation we shall assume that the medium is concentrated in a thin slice at a position ζ in the cavity. This leads to a model with a localized interaction, for which the interaction Hamiltonian depends exclusively on the annihilation and creation operators of a single quasimode associated to ζ. Adopting furthermore the usual rotating-wave approximation we may write the Hamiltonian of the localized degenerate parametric oscillator as
where the optical frequency has been eliminated by performing a suitable transformation. Here κ is a (complex) coupling constant, which is proportional to the field amplitude in the pump mode. We shall confine ourselves to As the characteristic function is the generating function of the moments of the creation and annihilation operators, one easily obtains the standard deviation of a field quadrature X α =(e iα b + e −iα b † )/2, with arbitrary α. Varying α we find the minimum value of the standard deviation as
In Table 1 we list the minimum standard deviation for the case of a squeezed bath, at several values of the interaction parameter |s| = |κ|/Γ and the dissipation parameter Γ . For an ideal cavity the minimum standard deviation can be written as:
with σ = tanh(|z|)a n ds = κz/(Γ |z|). If s is real and negative, the minimum standard deviation decreases for increasing |s|. In particular, for the ideal-cavity case (∆X α ) 2 min decreases by a factor 2, when |s| goes to its threshold value, as in the case with a nonsqueezed bath [8] . If the cavity becomes nonideal, however, the standard deviation changes much less. More importantly, the range of values of (∆X α ) 2 min for the nonideal cavity is quite different from that found in the ideal case. In fact, for Γ =0 . 1t he minimum standard deviation for s =0i sa lready near 0.25. Clearly, the squeezing due to the bath is spoilt by the mixing effects at the semitransparent mirror, as has been discussed already in the previous section.
If the phase of the (complex) interaction parameter s is different from π, the picture changes. No longer do we see a decrease of (∆X α ) 2 min for |s| going to threshold. On the contrary, it increases for all cases that have been tabulated. For real and positive s we still find squeezing for small values of s in the ideal cavity, but it is destroyed rapidly as the cavity becomes nonideal. For purely imaginary s we find rather large values of the minimum standard deviation.
The characteristic function can be used as well to determine the probability distribution of the quasimode excitations. Expanding the (Gaussian) characteristic function in powers of λ and λ * and using the identity [24] :
with P n the Legendre polynomials, one finds an explicit expression for the expectation value of a product of creation and annihilation operators:
n/2
From this result one easily derives the probability distribution. First one defines the generating function
of which the explicit form is [24] :
Subsequently, one uses the relation
to derive the quasimode probability distribution:
For κ = 0 one gets from (61)-(62):
Inserting these expressions in (70) one recovers (52). For κ = 0 the quasimode probability distribution is a function of s, σ, ρ, χ and ξ, which is rather cumbersome to study analytically. The expression simplifies considerably for the ideal case of small cavity losses. Then both Γ and κ are vanishingly small, at finite s, so that one has ρ =1, χ=0andξ=0.The probability distribution is found as
with the abbreviations 
Normalization of the probabilities implies the relation U + V − 2W =( 1−4 | s | 2 )(1 − σ 2 ) 2 , which is easily checked. Both U and W are positive for 0 <σ<1a n d| s |<1 / 2. The sign of V depends on the values of s and σ. Clearly, the ideal case discussed here is covered by the standard master equation. Indeed, the result (72) is equivalent to that obtained in [8] by means of the latter equation. For a nonsqueezed bath the photon distribution derived in [25] is recovered.
The change in the quasimode probability distribution for increasing mirror transmittivity can be seen by evaluating (70) numerically. An example is given in Figure 1 . Comparison of the distributions for an ideal cavity with Γ ↓ 0 and nonideal cavities with Γ =0 . 01 and 0.1, for the same value of s, shows that the influence of the mirror transmittivity can be considerable. As in the previous section it is found that the even-odd disparity in the distribution may disappear nearly completely as a consequence of the leakage from the cavity, even though the squeezing of the bath is rather high.
In conclusion, we have found that, when using a master equation to study quantum optical systems in nonideal cavities, it is essential to start from an equation in which the effects of the enhanced dissipation are incorporated systematically. The "standard" versions of the master equation that have been formulated for systems in nearly-ideal cavities [1, 2, 7] are not adequate for this purpose. For systems with nonsqueezed baths we have reached this conclusion before [3, 4] . In the present paper we have shown that the same holds true for squeezed baths.
Appendix A: Derivation of master equation
To derive the master equation (31) we start from the Langevin equation (22) in Markovian form. It contains the modified stochastic forcef (ζ,τ) for which an expression in terms of b(ζ,τ)andf(ζ,τ) has been given in (20) . 
